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Let S be a finite set of order n. Let C(n, 4, 2) be the minimum number of 
quadruples such that each pair of elements of S is contained in at least one of 
them. In a previous paper [6], I determined C(n, 4, 2) for all n divisible by 3. 
In the present paper the job is completed by determining C(n, 4, 2) for all n not 
divisible by 3. 
1, INTRODUCTION 
Let a and b be positive integers and let S be a finite set of order n. For  
n >~ a >~ b let C(n, a, b) be the smallest integer c such that there exist e 
subsets Q1, Q2 ..... Qc of  S, each of  order a, with the property that each 
subset of S of  order b is contained in at least one of the Qi, 1 <~ i <~ c. 
For  convenience, we set C(n, a, b) = 0 if n < b, and C(n, a, b) = 1 if 
a > n >~ b. Then C(n, a, b) is defined for all n if a ~> b. 
Let Ix] denote the smallest integer that is at least x. 
For t  and Hedlund [2] have shown that 
for all n. 
In a previous paper [6], it was shown that 
for all n, where 
C(n, 4, 2) ~> L(n) (1) 
Moreover it was shown that 
C(n, 4, 2) = L(n), 
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if 3 n ,n#9,  (2) 
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and 
C(9, 4, 2) = L(9) q- 1 = 8. (3) 
For n ~ 1 or 4 (mod 12) we have 
L(n) = n(n -- 1)/12. 
For  these values of n, Hanani  [3] has shown that there exists a set of L(n) 
quadruples uch that each pair of  elements of S is contained in exactly one 
of them. This gives us 
C(n, 4, 2) = L(n) = n(n -- 1)/12, n ~ 1, 4 (mod 12). (4) 
Sch~Snheim [8] has shown that 
C(n, 4, 2) = L(n), n ~ 2, 5 (mod 12) (5) 
is an easy consequence of (4). 
In this paper we determine C(n, 4, 2) for all remaining values of n, i.e., 
those n satisfying n = 7, 8, 10, 11 (rood 12). We set 
A(n) = C(n, 4, 2) - -  L(n). 
Then A(n) ~ 0 for all n by (1). We will see that A(n) = 0 for all n except 
7, 9, 10, and 19. 
We will say that the sets Q1, Q2 ..... Qc cover a pair if that pair is 
contained in at least one of the sets Qi,  1 <~ i <~ c. Thus C(n, 4, 2) is the 
minimum number of quadruples that cover all pairs of S. 
We will use I T I to denote the order of a finite set T, I~ to denote the set 
of the first r positive integers, and Z,. to denote the set of integers modulo r. 
2. THREE LEMMAS 
LEMMA 1. Let T be a set of  order 4w ÷ u where w ~ 0 or 1 (mod 4) and 
0 < u < w. Then there exists a collection ~ of  w 2 q- 5 subsets o f  T such 
that 
(i) the collection 2 covers all pairs o f  7", and 
(ii) ~ consists of  w(w -- u) sets of  order 4, wu sets of  order 5,four sets of  
order w, and one set of  order u. 
Proof. For i ~ 1~ let Ti denote the set of ordered pairs ( i , j)  with j  ~ Iw. 
Let T5 denote the set of ordered pairs (5, j )  with j ~ lu.  We can suppose 
that T is the union of the five sets T~, i ~ 15 • Since w --~ 0 or 1 (mod 4), 
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Lemma 6 of [6] states that there exists a collection cg of wu quintuples and 
w(w - -  u) quadruples that covers all pairs (/1, J0, (i2, J2) of T with h # i2. 
(This result is an immediate consequence of the existence [5, 4] of three 
mutually orthogonal Latin squares of order w.) We adjoin the five sets 
Ti, i s I 5 , to cg to obtain the desired collection ~ of subsets of T, and the 
proof  is complete. 
In Lemma 1 each pair of T must be contained in exactly one member 
of ~.  However, we will not use this fact. 
We now come to the cases n ~ 7, 10 (mod 12). For these values of  n 
we have n ~ 1 (mod 3) so that 
[(n --  1)/3] = (n --  1)/3, and n(n - -  1) =-- 6 (mod 12) 
so that 
rln4 [ _~_1] ]  = [n (n -  1)/12]- - - - (n2--n -~- 6)/12. 
Thus we have 
L(n)  = (n 2 - -  n -~ 6)/12, n ~ 7, 10 (rood 12). (6) 
Our next lemma is the main tool for handling n ~ 7, 10 (mod 12). 
LEMMA 2. Suppose m =-- 7 or 10 (mod 12), n ~ m or 
m+ 12(mod48) ,n>5m,  and A(m)  ~ 0. 
Then A(n)  = O. 
Proof .  Setm= 3u-?  landn  = 3tq-  1. Wehaveu ~>2. S incen~m 
or m+ 12(mod48)  it follows that t ~= u or u + 4 (mod 16). Set 
t = u -k 4w. Then w ~ 0 or 1 (mod 4). Now 
and 
n = 3t-}- 1 = 3u+ 12w+ 1 
n>5m = 15u+5.  
Hence 12w > 12u -k 4 so that0  < u < w. Let Tbe  a set of order t. Le tS  
be the set or order n that consists of the ordered pairs ( i , j )  with i ~ Iz,  
j E T, and a single additional element X. Let N be the collection of  subsets 
of  T given by Lemma 1. 
Let D be a fixed member of  ~ and set d = I D I, the order of D. Then 
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d = 4, 5, w, or u. Let D be the set consisting of X and the 3d ordered pairs 
(i,j) with i e I~ , j  ~ D. We set 
3=ID I  = 3d+ 1. 
I fd=4,5 ,  o rw,  thend~0or  l (mod4)  and3=l  o r4(mod12) ,so  
that 
C(d, 4, 2) = L(d) = 2(2 -- 1)/12 
by (4). On the other hand, if d = u, then d = m ~ 7 or I0 (mod 12) so 
that A(2) = 0 by hypothesis and 
C(d, 4, 2) = L(d) = (2 2 --  2 + 6)/12 
by (6). Thus, no matter what d is, there is a set ¢(D) of L(d) quadruples 
that covers all pairs of /F  and 
L(d) ~< (2 2 --  2 + 6)/12 < d(d + 2)/12 = gt(d + 1)/4. 
This implies that there is at least one element of D that occurs in less than 
d + 1 of the quadruples in C~(D). Since d = (d --  1)/3, such an element 
occurs in exactly d of these quadruples. We may clearly suppose C~(D) 
chosen so that X is such an element, and that the d quadruples in C~(D) 
that contain X are those of the type 
X (1,j) (2,j) (3, j)  (7) 
with j ~ D. 
We take c~ to be the union of the sets C~(D), D ~ 9 .  Then c~ is a collec- 
tion of quadruples that covers all pairs of S, so that C(n, 4, 2) ~< ] T I • In 
general each quadruple of type (7) occurs in many of the quadruples in ~f. 
There are exactly t quadruples of type (7), and for any fixed d, I D [ of  
them occur in C~(D). Hence we have 
[~1 <~ t ÷ X(L(I D])--  IDI), 
where the summation is over all D in 9 .  Since ~ consists of w(w -- u) sets 
of order 4, wu sets of order 5, four sets of order w, and one set of order u 
we have 
C(n, 4, 2) <~ t + 9w(w- u) + 15wu + 4L(3w + 1) + L(3u + 1) -4w-  u. 
Now 
t = 4w -}- u, 4L(3w + 1) = w(3w + 1), 
L(3u + 1) = (3u 2 -+- u + 2)/4, 
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and n = 12w + 3u + 1, so that 
C(n, 4, 2) ~ {(12w + 3u + 1)(4w + u) + 2}/4 
= (n ~ --  n q- 6)/12 = L(n). 
Since C(n, 4, 2) >/L(n) we have C(n, 4, 2) = L(n), so that A (n) = 0 and 
the proof is complete. 
LEMMA 3. l fn  ~ 10 or 46 (rood 48) and n > 10, then A(n) = O. 
Proof. We set n = 4m + 2 so that m --= 2 or 11 (mod 12) and 
A (m q- 2) = 0 
by (4). Let the n elements of the set S be the 4m ordered pairs (i,j) with 
i e 14 , j  e 1~, and two additional elements X, Y. Since n > 10 we have 
m ~ 2, 6. It follows that there exists a set Wo of m 2 quadruples that covers 
all pairs of S of the form (il, Jl), (is, j~) with il v~ i2. This result is equiv- 
alent to the existence [1] of two mutually orthogonal Latin squares of 
order m. For example, see Lemma 3 of [6]. For i e 14 let T~ be the set of 
order m + 2 consisting of X, Y and the ordered pairs (i,j) with j E I~.  
Since A(m + 2) = 0 there is a set ¢g~ of L(m + 2) quadruples that covers 
all pairs of T~. The union c~ of the five sets ~¢~, 0 ~< i ~< 4, is a set of 
quadruples that covers all pairs of S. Hence, we have 
C(n, 4, 2) <~ I c~ I <~ m z -t- 4L(m + 2) 
=m S+(m+2)(m+ 1)/3 
= (n ~ -- n + 6)/12 = L(n). 
It follows that C(n, 4, 2) = L(n) so that A(n) = 0 and the proof is com- 
plete. 
3. KJRKMAN'S SCHOOL GIRL PROBLEM 
Kirkman's celebrated school girl problem can be stated as follows: We 
are given 6k + 3 school girls who are to take walks on 3k + 1 consecutive 
days. On any given day they are to walk in 2k + 1 rows of three. Can it be 
arranged so that each girl walks in a row exactly once with each other 
girl ? The original version with k = 2 was solved many years ago. Recently 
Ray-Chaudhuri and Wilson [7] showed that it can be done for any value 
of k. Using this result, we can prove the following lemma: 
LEMMA 4. 1fro ~ 1 (rood 3), then A(3m + 1) ~ A(m). 
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Proof. Set m= 3k+ 1 and n= 3m+ 1. Let the setS  of order n 
consist of  the m integers in I~ and 2m q- 1 shool girls. We have 2m ÷ 1 = 
6k ÷ 3. Let the set cg of quadruples consist of C(m, 4, 2) quadruples that 
cover all pairs o f /m and all quadruples 
i gx g2 g3 
where g l ,  g2, g3 are three girls who walk in the same row on the i-th day. 
These quadruples cover all pairs of S so that 
C(n, 4, 2) ~< ] T /  ~- C(m, 4, 2) + (3k -1- 1)(2k q- 1) 
~- L(m) + A(m) + m(2m q- 1)/3. 
Set 3 =0 i fm~0or l (mod4)  and3 =6 i fm~-2or3(mod4) .Then  
L(m) = [m(m -- 1)/12] = (m S --  m -q- 3)/12. 
Moreover n = 3m + 1 so that n ~ 0 or 1 (rood4) if and only if m ~- 0 
or 1 (mod 4). Thus we have 
L(n) = [n(n -- 1)/12] = (n ~ -- n -}- 3)/12 = (9m 2 + 3m + 3)/12. 
Therefore 
C(n, 4, 2) ~< A(m) -k- (m s -- m + 3)/12 q- m(2m + 1)/3 
= A(m) q- (9m ~ + 3m q- 3)/12 
= A(m) + L(n). 
Hence we conclude that 
A(n) = C(n, 4, 2) - -  L(n) <~ A(m) 
and the proof  is complete. 
4. THE CASE n ~ 10 (mod 12) 
We begin by showing that A(n) = 0 for n = 22, 34, 70, and 82. For  
each of these values, we must find a set of L(n) quadruples that covers all 
pairs of  a set S of order n. For  n ---- 22, 34, and 70 this was done with the 
CDC 6600. 
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n = 22. 
of 39 quadruples covers all pairs of S: 
We have L(22) = 39. Let S be the set I~2 • The following set 
1 2 3 4 4 7 11 19 
1 2 5 6 4 8 15 21 
1 2 7 8 4 9 12 14 
1 2 9 10 4 10 13 16 
1 11 12 13 5 7 14 21 
1 14 15 16 5 8 13 17 
1 17 18 19 5 9 15 19 
1 20 21 22 5 10 12 22 
2 11 14 17 6 7 16 20 
2 12 15 20 6 8 12 19 
2 13 18 21 6 9 11 21 
2 16 19 22 6 10 14 18 
3 5 11 16 7 9 t3 22 
3 6 13 15 7 10 15 17 
3 7 12 18 8 9 16 18 
3 8 14 22 8 10 11 20 
3 9 17 20 11 15 18 22 
3 10 19 21 12 16 17 21 
4 5 18 20 13 14 19 20 
4 6 17 22 
n = 34. We have L(34) = 94. We take the 34 elements of the set S to 
be the 32 ordered pairs (i, j) with i~ I s , j  ~ Z4, and two additional 
elements X, Y. A set of 94 quadruples that covers all pairs of S consists of 
the 4 quadruples 
X Y (i, j)  (i, j -1- 2), 
with i = 1, 2 and j = O, i; the 6 quadruples 
(i, O) (i, 1) (i, 2) (i, 3); 
with 3 ~< i ~< 8; and the 4 quadruples of each of the following 21 forms: 
(1,j) (1,j ÷ 1) (2,j) (3,j) 
(2,j) (2,j + 1) (5,j) (7,j) 
(1,j) (2,j + 1) (4,j) (5,j + 2) 
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(1,j) (2,j q- 2) (4,j q- 2) (6,j) 
(l,j) (3,j q- 1) (4,j q- 1) (7,j) 
(l,j) (3,j q- 2) (4,j q- 3) (8,j) 
(1,j) (5,j) (6,j -k 2) (7,j q- 1) 
(1,j) (5,j q- 1) (6,j q- 1) (8,j -? 2) 
(1,j) (5,j q- 3) (7,j q- 2) (8,j q- 3) 
(1,j) (6,j q- 3) (7,j q- 3) (8,j -k 1) 
(2,j) (3,j q- 2) (5,j -b 2) (6,j q- 3) 
(2,j) (3,j q- 1) (6,j q- 1) (8,j q- 1) 
(2,j) (3,j -k 3) (7,j q- 1) (8,j) 
(2,j) (4,j q- 1) (6,j) (8,j q- 3) 
(2,j) (4,j q- 2) (7,j q- 2) (8,j q- 2) 
(3,j) (4,j q- 2) (5,j ~- 3) (6,j 4- 2) 
(3,j) (4,j -k 3) (5,j q- 2) (7,j) 
x (3,j) (5,j + ~) (8,j + 3) 
X (4,j) (6 , j+ 1) (7,j + 2) 
Y (3,j) (6,j q- 3) (7,j q- 1) 
Y (4,j) (5,j) (8,j + 3) 
n = 70. We have L(70) = 403. Let T be the set of order 24 obtained 
by adjoining two special elements X, Y to the set Z2~ • Let the set S of 
order 70 consist of the 48 ordered pairs (i,j) with i e Z 2 , j  e T, and the 22 
elements of Z~.  We have already shown that C(22, 4, 2) = 39. Hence 
there is a set of 39 quadruples that covers all pairs of Z~2 • A set of 403 
quadruples that covers all pairs of S consists of these 39 quadruples, the 
quadruple 
(o, x) (1, x) (o, ~) (1, Y); 
the 11 distinct quadruples of the form 
(o,,/) (o,j + li) O,J) (l, j  + 11); 
withj ~ Z22 ; and the 44 quadruples of each of the following 8 forms 
j (i,j) (i,j + 2) (i,j + 5) 
j (~,j + 3) q, j  + 4) (~,j + ]0) 
j (i,j + 11) (i,j + 15) (i + 1,j + 16) 
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j (i, j 4- 6) (i, j 4- 20) (i 4- 1, j 4- 18) 
j (i,j 4- 21) (i,j 4- 8) (i 4- 1,j 4- 12) 
j (i,j 4- 7) (i,j 4- 17) (i 4- 1,j + 14) 
j (i, X) (i,j 4- 13) (i 4- l , j  4- 19) 
j (i, Y) (i,j 4- l) (i 4- 1,j 4- 9) 
n=82.  We have L (82)= 554. We take our set S of order 82 to 
consist of the elements j, (i,j), [i, k] where i ~ Z2 , j  E Z2e, and k ~ I8 • By 
(4) there is a set of 20 quadruples that covers all pairs of S of the form 
[/1, kt], [i2, k2], and by the case n = 22 there is a set of 39 quadruples 
that covers all pairs of Z~2 • We obtain a set of 554 quadruples that covers 
all pairs of S by taking these 59 quadruples; the 11 distinct quadruples of 
the form 
(0,j) (0,j 4- 11) 
and the 44 quadruples of each of the 
(i,j) 
J 
J 
J 
J 
J 
J 
J 
J 
J 
J 
(1,j) (1,j 4- 11); 
following 11 forms: 
(i,j + 1) (i,j 4- 3) (i,j + 7) 
(i,j) (i,j + 5) (i,j + 13) 
(i,j 4- 1) (i,j + 11) (i 4- 1,j 4- 2) 
[i, 1] (i, j + 6) (i 4- 1, j 4- 9) 
[i, 2] (i,j 4- 7) (i 4- 1,j 4- 12) 
[i, 3] (i,j 4- 10) (i 4- 1,j + 17) 
[i, 4] (i, j 4- 15) (i 4- 1, j 4- 3) 
[i, 5] (i,j 4- 19) (i 4- 1,j 4- 21) 
[i, 6] (i, j 4- 18) (i 4- 1, j 4- 4) 
[i, 7] (i, j 4- 16) (i 4- 1, j 4- 20) 
[i, 8] (i, j 4- 8) (i 4- 1, j 4- 14) 
THEOREM 1. I fn == 10 (rood 12) andn > 10, then 
C(n, 4, 2) -= L(n) =- (n ~ -- n + 6)/12. 
Proof. We need to show that A(n) = 0 for these values ofn. Lemma 3 
states that A(n) -= 0 if n ~ 10 or 46 (rood48), n > 10. We have also 
shown that A(n) ----- 0 for n = 22, 34, 70, and 82. Thus we may suppose 
that n ~ 22 or 34 (rood 48) and n >~ 118. Since we already have A(22) ----- 0 
we can apply Lemma 2 with m = 22 to conclude that A(n) = 0 and the 
proof is complete. 
The case n -- 10 will be treated in Section 7. 
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5. THE CASE r/ ~-  7 (mod 12) 
We begin by showing that A(n) ~ 0 for n = 31, 43, 55, 79, 91, 115, 
127, 151, 163, 199, and 259. For each of these values of n we exhibit a set 
of L(n) quadruples that covers all pairs of a set S of order n. Except for 
n ~ 91 these sets of quadruples were found with the CDC 6600. 
n = 31. We have L(31) = 78. We take the 31 elements of the set S to 
be the 30 ordered pairs (i, j) with i ~ I15, j ~ Z~, and an additional element 
X. A set of 78 quadruples that covers all pairs of S consists of the 4 
quadruples 
(1, 0) (1, 1) (4,0) (4, 1) 
(1,0) (1, 1) (5,0) (5, 1) 
(2,0) (2, 1) (6,0) (6, 1) 
(3, 0) (3, 1) (7,0) (7, 1) 
the 4 quadruples of the form 
where 4 
(2i, o) (2i, 1) (2i + 1, o) (2i + i, 1), 
i ~< 7, and the 2 quadruples of each of the following 35 forms: 
(1, 0) (1, 1) (2,j) (3,j + 1) 
X (1,j) (8,j + 1) (10,j + 1) 
X (2,j) (3,j) (4,j + 1) 
X (5,.]) (12,j) (14,j) 
X (6,j) (7,j + 1) (13,j + 1) 
X (9,j) ( l l , j )  (15,j -}- 1) 
(1,j) (6,j) (8,j) (12,j) 
(1,j) (6,j + I) (11,j) (14,j) 
(1,j) (7,j) (9,j) (12,j + 1) 
(1,j) (7,j + 1) (10,j) (15,j) 
(1,j) (9,j + 1) (13,j) (14,j + 1) 
(1,j) ( l l , j  + 1) (13,j + l) (15,j + 1) 
(2,j) (4,j) (5,j) (15,j + 1) 
(2,j) (5,j + 1) (8,j + 1) (13,j + 1) 
(2,j) (7,j) (8,j) ( l l , j  + 1) 
(2,j) (7,j + 1) (9,j) (14,.] -[- 1) 
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(2,j) (9,j q- 1) ( l l , j )  (12,j -1- 1) 
(2,j) (lO, j q- 1) (12,j) (15,j) 
(2,j) (lO, j) (13,]) (14,j) 
(3,j) (4,j) ( l l , j )  (12,j) 
(3,j) (5,j) (9,j -b 1) (13,j -k 1) 
(3,j) (5,j q- 1) ( l l , j  q- 1) (14,j) 
(3,j) (6,j -1- 1) (9,j) (lO, j -{- 1) 
(3,j) (6,j) (13,j) (15,j q- 1) 
(3,j) (8,j q- 1) (lO, j) (14,j + 1) 
(3,j) (8,j) (12,j q- I) (15,j) 
(4,j) (5,j + 1) (9,j -? 1) (lO, j + 1) 
(4,j) (6,j q- 1) (8,j) (14,j q- 1) 
(4,j) (6,j) (9,j) (15,j) 
(4,j) (7,j) (lO, j) (13,j + 1) 
(4,j) (7,j q- 1) (12,j -+- 1) (14,j) 
(4,,1) (8,j  + 1) ( l l , j  + 1) (13,j) 
(5,j) (6,j -+- 1) (7,j + 1) ( l l , j  + 1) 
(5,j) (6,j) (lO, j q- 1) (12,j + 1) 
(5,j) (7,j) (8,j q- 1) (15,j) 
n = 43. We have L(43) = 151. Let the 43 elements of the set S be the 
40 ordered triples (i, j, k) with i E/10, j E Z2, k ~ Z2 ; the two elements of 
Z 2 , and an additional element X. A set of 151 quadruples that covers all 
pairs of S consists of the 2 quadruples of each of the following 6 forms: 
X j (3 , j+  1,0) (3 , j+  1,1) 
0 1 (1,j, O) (1,j -I- 1, 1) 
0 1 (2, O, k) (2, 1, k) 
(1,j, O) (1,j, 1) (2,j + 1, O) (2,j q- 1, 1) 
(1, 0, k) (1, 1, k) (3,0, k + 1) (3, 1, k + 1) 
(2,j, O) (2,j q- 1, 1) (3,j, 1) (3,j -Jr- 1, O) 
The 7 quadruples of the form 
(i, O, O) (i, O, 1) (i, 1, O) (i, 1, 1), 4 ~ i ~ 10, 
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and the 4 quadruples of each of the following 33 forms: 
(l,j, k) (2,j, k) (5,j, k) (8,j, k) 
(1,j, k) (3,j, k) (6,j, k) (9,j, k) 
(1,j, k) (3,j -F 1, k) (7,j, k) (9,j, k -F 1) 
(1,j, k) (4,j, k) (5,j -F 1, k) (lO, j, k) 
(1,j, k) (4,j -F 1, k) (5,j, k -F 1) (10,j, k + 1) 
(1,j, k) (4 , j+  1, k -L 1) (7 , j÷  1, k -t- 1) (8 , j+  1, k-F 1) 
(1,j, k) (5,j -k 1, k -k 1) (8,j, k + 1) (9,j q- l, k) 
(1,.L k) (6,j -k- 1, k -k 1) (7,j, k + 1) (8,j ÷ 1, k) 
(1,~h k) (6,.L k -}- 1) (7 , j+  1, k) (lO, j ÷ 1, k+ 1) 
(1,j, k) (6,j -[- 1, k) (9,j + 1, k ~- 1) (lO, j + 1, k) 
(2,j, k) (3,j, k) (7,j, k + 1) (lO, j + 1, k -k 1) 
(2,j, k) (3,j + 1, k + 1) (8,j + 1, k + 1) (lO, j + 1, k) 
(2,~h k) (4,j ÷ 1, k) (6,j + 1, k) (9,.L k) 
(2,.L k) (4 , j÷  1, k+ 1) (6,.L k) (9 , j+  1, k+ 1) 
(2,j, k) (4,.L k -? 1) (6,j -k 1, k -k 1) (IO,.L k) 
(2,j, k) (5,j, k + 1) (7,j + 1, k) (9,j + 1, k) 
(2,.L k) (5,j + 1, k + 1) (7,j q- 1, k + 1) (9,j, k -k 1) 
(2,L k) (5,j + 1, k) (8,L k ÷ 1) (IO, L k + 1) 
(2,j, k) (6,j, k -k 1) (7,j, k) (8,j q- 1, k) 
(3,.L k) (4,j, k) (5,j, k -k 1) (9,j, k + 1) 
(3,j, k) (4,j -k 1, k -k 1) (7,L k) (8,j, k -k 1) 
(3,L k) (4,j q- 1, k) (7,j q- 1, k -~ 1) (lO, j, k) 
(3,~L k) (4,Lk + 1) (8 , j+  1, k) (9 , j+  1,k) 
(3,.L k) (5,j + 1, k) (6,L k + 1) (8,j + 1, k + 1) 
(3,j, k) (5 , j+  1, k+ 1) (6 , j+  1, k+ 1) (lO, j + 1, k) 
j (3,j, k) (5,j', k) (6,j -k 1, k) 
j (4,j q- 1, k) (5,j q- 1, k) (7,j, k) 
j (4,j, k) (6,j, k + 1) (8,j, k --k 1) 
j (7,j -? 1, k) (9,.L k -k 1) (lO, j -k 1, k) 
j (8 , j+  l,k) (9 , j+  1, k + 1) (lO,.h k + 1) 
X (1,.L k) (2,.L k -k 1) (4,j, k ÷ 1) 
X (5,j, k) (6,~h k + 1) (7,j, k + 1) 
X (8,.L k) (9,j ÷ 1, k) (lO, j + 1, k) 
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n = 55. The case n = 55 gave by far the most difficulty. We have 
L(55) = 248. Let the 55 elements of the set S be the 52 ordered triples 
(i, j, k) with i s 113, j c Z2, k ~ Z2, the two elements of Zz, and an addi- 
tional element X. A set of 248 quadruples that covers all pairs of S consists 
of the 2 quadruples of each of the following 6 forms: 
X j (3,j @ 1, O) 
0 1 (1,j, O) 
0 1 (2, O, k) 
(l, j, O) (1,j, 1) (2,j + 1, O) 
(1, O, k) (1, 1, k) (3, O, k + 1) 
(2,j, O) (2,j-}- 1, 1) (3,j, 1) 
the 7 quadruples of the form 
(i, O, O) (i, O, 1) (i, 1, O) 
the 9 quadruples 
(4,0,0) (4,0, 1) 
(4, O, O) (5, O, 1) 
(4, O, O) (6, O, 1) 
(5, O, O) (4, O, 1) 
(5, 0, 0) (5, 0, 1) 
(5, O, O) (6, O, 1) 
(6, O, O) (4, O, 1) 
(6, O, O) (5, O, 1) 
(i, 1, 1), 
(3,j + 1, 1) 
(1,j + 1, 1) 
(2, 1, k) 
(2,j + 1, 1) 
(3, 1, k + 1) 
(3, j + 1, o) 
7~<i~13,  
(4, 1, O) (4, 1, 1) 
(5, 1, O) (5, 1, 1) 
(6, l., O) (6, 1, 1) 
(5, 1, O) (6, 1, 1) 
(6, 1, O) (4, l, 1) 
(4, 1, O) (5, 1, 1) 
(6, 1, O) (5, 1, 1) 
(4, 1, O) (6, 1, 1) 
(6, O, O) (6, O, 1) (5, 1, O) (4, 1, 1) 
and the 4 quadruples of each of the following 55 forms: 
(1,j, k) (2,j, k) (3,j, k) (4,j, k) 
(1,j, k) (3,j + 1, k) (4,j, k + 1) (9,j, k) 
(1,j,k) (4 , j+  1, k) (6 , j+  l ,k)  (lO, j ,k)  
(1,.], k) (5,j, k) (7,j, k) (8,fi k) 
(1,j, k) (5,j + 1, k) (7,L k ÷ 1) (12,j, k) 
(1,.],k) (5 , jq - l ,  kq -1)  (8 , j+ l ,k )  (13,ilk) 
(1,j, k) (5,j, k ÷ 1) ( l l , f i  k) (12,j + 1, k) 
(1,j, k) (6,j, k) (9,j q- 1, k) ( l l , j ,  k + 1) 
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(1,j,k) (6 , j+ l ,k+l )  
(1.j,k) (6,.Lk÷ 1) 
(1,j,k) (7 , j÷ l ,k÷l )  
(1,.Lk) (7 , j+  1, k) 
(1,.h k) (8 , j+  1, k + l) 
(1,.Lk) (8,j ,k+ 1) 
(2,j,k) (3 , j+ l ,k+l )  
(2,j,k) (4 , j+ l ,k+l )  
(2,j,k) (4,Lk+ 1) 
(2,j,k) (5 , j+  1, k) 
(2,Lk) (5 ,Lk÷l )  
(2,j,k) (5 , j+  1, k+l )  
(2, j, k) (5,j, k) 
(2,L k) (6,.L k) 
(2,.Lk) (6 , j+  1, k) 
(2,Lk) (6,L k ÷ l) 
(2,j,k) (6 , j+  1, k+ 1) 
(2,Lk) (7 , .Lk+l )  
(2,j,k) (7 , j+  1, k) 
(3,j,k) (4 , j+  1, k) 
(3,.L k) (5,.L k) 
(3,j,k) (5 , j+  1, k) 
(3,Lk) (5 , j , k+ 1) 
(3,Lk) (5 , j+ l ,k+l )  
(3,j,k) (6 , j+  1, k) 
(3,j, k) (6,j, k + 1) 
(3,j,k) (6 , j+ l ,k+l )  
(3,j, k) (6,j, k) 
(3,j,k) (7 , j+  1, k+ 1) 
(3,j, k) (7, j, k) 
(4,j',k) (7 , j+  1, k) 
(4,j,k) (7,j ,k+ 1) 
(4,j,k) (7 , j+ l ,k+l )  
58aa/xs/a-3 
(lO, j+  1, k + 1) ( l l , j+  1, k + 1) 
( l l , j  + 1, k) (13,j, k -k 1) 
(9 , j+  1, k + 1) (12, j+ 1, k + 1) 
(9,j, k -k l) (13,j + 1, k + 1) 
(lO, j -k 1, k) (12,j, k + 1) 
Oo, j, k + 1) 03,j  + 1, k) 
(8,j, k) ( l l , j  ÷ l, k) 
(lO, j+ l ,k+l )  (12 , j+ l ,k )  
( l l , j+ l ,k+ 1) (13 , j+ l ,k+l )  
(9,L k q- 1) ( l l , j ,  k -k 1) 
(9,j + 1, k @ 1) (12,j, k) 
(9,j + 1, k) (12, j+ 1, k @ 1) 
(lO, j + 1, k) (13,j + 1, k) 
(7,j q- 1, k + 1) (13,.h k + 1) 
(7,j, k) 03,j, k) 
(8,j + 1, k) O0,j, k) 
(8,j, k + ~) 02,L k + 1) 
(8 , j+1 ,k+l )  (11,Lk) 
(9,.L k) (IO,.L k @ 1) 
(12,.L k) (13,j + 1, k + 1) 
(9,j, k) (13,j~ k) 
(lO, j+  1, k + 1) ( l l , j  + 1, k) 
Oo, j, k + 1) 01, j  + 1, k + 1) 
(lO,.h k) (13,j + 1, k) 
(7,j -k l, k) (13,L k + l) 
(8,j, k -k 1) (12,j + 1, k) 
(8 , j+  1, k) (12, j+ 1, k + 1) 
(9,j + 1, k + 1) (12,j, k & 1) 
(8,L k) 01,L k) 
(9,~L k + 1) (lO, j + 1, k) 
(lO, j+  1, k + 1) (ll,.h k) 
(lO, j, k + 1) (12,j + 1, k + 1) 
( l l , j÷ l ,k+l )  (12,Lk) 
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(4,L k) (8,j, k) (9,j, k) ( l l , j ,  k 4- 1) 
(4, L k) (8,j, k 4- 1) (9,j 4- 1, k 4- 1) (13,j, k) 
(4,Lk) (8,j4-1, k4-1)  (9,j4-1, k) (13,j4-1, k4-1)  
j (3,j, k) (4, L k 4- 1) (7,L k + 1) 
j (4, j 4- 1, k) (5, j 4- 1, k) (8, j, k) 
j (5,j, k) (7,j + 1, k) (8,j 4- 1, k 4- 1) 
j (6, L k) (9,j, k 4- 1) (10,j 4- 1, k 4- 1) 
j (6, j 4- 1, k) (9, j 4- 1, k) (11, j, k) 
j (IO,.L k) (12,j, k) (13,j, k 4- 1) 
j ( l l , j  4- 1, k) (12,j 4- 1, k 4- 1) (13,j 4- 1, k + 1) 
X (1, L k) (2,j, k 4- 1) (4,j 4- 1, k + 1) 
X (5,L k) (6,L k) (7,L k 4- 1) 
X (8,L k) (9,j 4- 1, k 4- 1) (10,j 4- 1, k 4- 1) 
X (l l , j ,  k) (12,j, k) (13,j 4- 1, k) 
n = 79.  We have L(79) = 514. Let the set S of order 79 consist of the 
elements of 113 and the 66 ordered pairs (i,j) with i ~ I 6 , j E Zll .  Since 
C(22, 4, 2) = 39 by Theorem 1 and C(13, 4, 2) = 13 by (4) there is a set 
of 39 quadruples that covers all pairs of S of the form (/1, Jl), (/2, j~) with 
/1, i2 ~< 2, and a set of 13 quadruples that covers all pairs of 113. We 
obtain a set of 514 quadruples that covers all pairs of S by taking these 
52 quadruples and the 11 quadruples of each of the following 42 forms: 
(3,j) (3,j 4- 1) (5,j) (5,j 4- 2) 
(3,j) (3,j 4- 2) (6,j) (6,j 4- 1) 
(4,j) (4,j 4- 1) (5,j) (5,j 4- 3) 
(4,j) (4,j 4- 2) (6,j) (6,j 4- 3) 
(1,j) (3,j) (4,.i) (4,j 4- 3) 
(1,j) (3,j 4- 1) (4,j 4- 2) (4,j 4- 6) 
(1,j) (5,j) (5,j 4- 1) (6,j) 
(1,j) (5,j 4- 2) (5,j 4- 6) (6,j 4- 3) 
(1,j) (5,j 4- 3) (6,j 4- 1) (6,j 4- 5) 
(1,j) (5, j 4- 4) (6, j 4- 7) (6, j 4- 9) 
(2,j) (3,y) (3,j + 3) (5,j 4- 6) 
(Z,j) (3,j 4- 1) (3,j 4- 5) (4,j) 
(2,j) (3,j 4- 2) (3,j 4- 7) (4,j 4- 4) 
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(2,j) (4,j q- 1) (4,j q- 6) (6,j) 
(2,j) (4,j q- 2) (5,j q- 3) (5,j + 8) 
(2,j) (3,j q- 4) (6,j q- 1) (6,j q- 6) 
1 (1,j) (3,j q- 3) (4,j q- 1) 
1 (2,j) (5,j + 1) (6,j -~ 5) 
2 (1,j) (3,j ~- 4) (4,j q- 8) 
2 (2,j) (5,j q- 2) (6,j q- 8) 
3 (1,j) (3,j q- 5) (5,j ÷ 9) 
3 (2,j) (4,j q- 7) (6,j + 3) 
4 (1,j) (3,j + 8) (5,j + 5) 
4 (2,j) (4,j q- 8) (6,j q- 10) 
5 (1,j) (3,j q- 9) (5,j q- 7) 
5 (2, j) (4, j q- 9) (6, j q- 4) 
6 (1,j) (3,j q- 6) (6,j q- 10) 
6 (2,j) (4,j q- 3) (5,j q- 10) 
7 (1,j) (3,j q- 7) (6,j q- 2) 
7 (2,j) (4,j q- 5) (5,j q- 9) 
8 (1,j) (3,j -1- 10) (6,j q- 6) 
8 (2,j) (4,j q- 10) (5,j q- 7) 
9 (1,j) (4,j q- 5) (5,j q- 10) 
9 (2,j) (3,j q- 6) (6,j q- 9) 
10 (1,j) (4,j q- 10) (5,j q- 8) 
10 (2,j) (3,j q- 8) (6,j q- 2) 
11 (1,j) (4,j q- 4) (6,j q- 8) 
11 (2, j) (3, j q- 9) (5, j q- 5) 
12 (1,j) (4,j q- 7) (6,j q- 4) 
12 (2,j) (3,j q- 10) (5,j -? 4) 
13 (1,j) (3,j q- 2) (4,j -{- 9) 
13 (2,j) (5,j) (6,j q- 7) 
n = 91. We have L(91) = 683. Let the set S of order 91 consist of the 
elements of I22 and the ordered pairs (j, k) with j ~ Za, k ~ Z23. Since 
C(22, 4, 2) = 39 by Theorem 1 there is a set of 39 quadruples that covers 
all pairs of 122 • We obtain a set of 683 quadruples covering all pairs of S 
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by taking these 39 quadruples; the 69 quadruples of each of the following 
2 forms: 
(j,k) (j ,k+ 1) (j, k + 4) (j, k + 9), 
(j -- 1, k) (Z k q- 9) (Z k q- 15) (j, k + 22); 
the 63 quadruples of the form 
i ( . L18k-12 i+6)  ( j~- 1 ,18k-12 i+ 12) (j, 18k -12 i+ 18), 
with 0 ~< k ~< 6, 1 ~< i ~< 3; the 6 quadruples of the form 
4 (L 6k -- 12) (j + 1, 6k -- 6) (j, 6k), 
with k = 18 or 21; the 6 quadruples 
i (0, 6k -- 12i) (1, 6k -- 12i) (2, 6k -- 12i), 
with k = 0 or --1, 1 <~ i ~< 3; the 17 quadruples 
4 (0, 6k) (1, 6k) (2, 6k), 
with --1 ~< k ~ 15; the 21 quadruples of each of the following 3 forms: 
i (0, 3k -- 2i + 1) (1, 3k -- 2i + 4) (0, 3k -- 2i + 3) 
i (1, 3k -- 2i + 3) (2, 3k -- 2i q- 6) (1, 3k -- 2i -k 5) 
i (2, 3k -- 2i 4- 5) (0, 3k -- 2i ~- 2) (2, 3k -- 2i 4- 7) 
with 0 ~< k ~< 6, 5 ~< i ~ 7; the 2 quadruples of each of the following 
3 forms: 
8 (0, k) (1, k ÷ 3) (0, k q- 2) 
8 (1, k + 2) (2, k + 5) (1, k -{- 4) 
8 (2, k + 4) (0, k + 1) (2, k + 6) 
with k = 8 or 11; the 6 quadruples 
i (0, k -- 2i) (1, k -- 2i q- 2) (2, k -- 2i + 4), 
with 5 ~ i ~< 7, k = 0 or --1; the 17 quadruples 
8 (0, k) (1, k -f- 2) (2, k q- 4), 
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with --9 ~ k ~ 7; and the 23 quadruples of 
14 forms: 
9 (0, k) (1, k + 10) (2, k + 20) 
10 (0, k) (1, k q- 11) (2, k q- 22) 
l l  (0, k) (1, k -1- 16) (2, k q- 13) 
12 (0, k) (1, k q- 18) (2, k q- 9) 
13 (0, k) (1, k + 4) (2, k -l- 16) 
14 (0, k) (I, k + 7) (2, k + 11) 
15 (0, k) (1, k q- 13) (2, k q- 21) 
16 (0, k) (1, k + 20) (2, k + 2) 
17 (0, k) (1, k q- 5) (2, k + 18) 
18 (0, k) (1, k q- 8) (2, k q- 15) 
19 (0, k) (1, k -+- 21) (2, k ÷ 19) 
20 (0, k) (1, k q- 19) (2, k q- 12) 
21 (0, k) (1, k -[- 12) (2, k -+- 7) 
22 (0, k) (1, k -? 14) (2, k -[- 10) 
each of the following 
Now suppose that n ---- 115, 127, 151, 163, 199, or 259. We set m = 7 
ifn = 115, 127, or 151, m = 11 ifn ---- 163 or 199, andrn ---- 19ifn = 259. 
Let T be the set of order 3m q- 1 consisting of the 3m elements [i,j] with 
i ~ Za, j ~ Im and an additional element X. We put r = (n -- 3m -- 1)/3. 
Then r is an integer and r > 0. We take the n elements of the set S to be 
the 3m + 1 elements of T and the 3r elements (i, k) with i ~ Za, k ~ It .  
Since 3m q-1--~ 10 (mod 12) and 3m-1-1 > 10 there exists a set of 
L(3m + 1) quadruples that covers all pairs of T by Theorem 1. To this 
set ofL(3m ÷ l) quadruples we adjoin the r quadruples of the form 
X (0, k) (1, k) (2, k) 
to obtain a set ~ of L(3m 4- 1) q- r quadruples. To the set ~ we adjoin 
certain additional quadruples to obtain L(n) quadruples that cover all 
pairs of S. 
n = 115. We haveL( l l5)  = 1093, m = 7, r = 31, and 
I ~1 = L(22) q- 31 = 70. The additional 1023 quadruples that we 
adjoin to -@ are the 93 quadruples of each of the following 11 forms: 
(i, k) (i, k -t- 1) (i, k -t- 3) (i, k -q- 10) 
(i q- 2, k) (i, k q- 1) (i, k -~ 5) (i, k -~ 17) 
(i q- 2, k) (i, k q- 2) (i, k -}- 7) (i, k q- 15) 
(i q- 2, k) (i, k + 18) (i, k q- 24) (i, k q- 4) 
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[i, 1] (i, k) (i -~ 1, k q- 3) (i q- 2, k + 9) 
[i, 2] (i, k) (i + 1, k + 8) (i ÷ 2, k + 17) 
[~, 3] (~, k) (~ + 1, k + 10) (~ + 2, k + 2) 
[i, 4] (i, k) (i ÷ 1, k + 11) (i + 2, k + 5) 
[i, 5] (i, k) (i + 1, k + 12) (i + 2, k + 1) 
[i, 6] (i, k) (i + 1, k + 13) (i + 2, k + 3) 
[i, 7] (i, k) (i + 1, k + 16) (i + 2, k -1- 4) 
n= 127. Here we have L(127) = 1334, m = 7, r = 35, and 
19[  = 74. The additional 1260 quadruples are the 105 quadruples of 
each of the following 12 forms: 
(i, k) (i, k + 1) (i, k + 3) (i, k q- 7) 
(i, k) (i, k q- 5) (i, k + 13) (i, k q- 23) 
(i ÷ 2, k) (i, k + 1) (i, k + 10) (i, k ÷ 21) 
(i,k) (iq- 1, k+2)  (iq- l , k+ 16) ( i+2 ,  k@6)  
(i, k) (i q- 1, k + 17) (i + 1, k + 33) (i + 2, k + 32) 
[i, 1] (i, k) (i + 1, k + 5) (i + 2, k + 11) 
[i, 2] (i, k) (i + 1, k + 7) (i + 2, k + 15) 
[i, 3] (i, k) (i + 1, k + 9) (i + 2, k + 21) 
[i, 4] (i, k) (i + 1, k q- 11) (i -]- 2, k q- 3) 
[i, 5] (i, k) (i + 1, k + 13) (i + 2, k + 4) 
[i, 6] (i, k) (i + 1, k -~ 18) (i @ 2, k + 5) 
[i, 7] (i, k) (i + 1, k -q- 19) (i + 2, k + 7) 
n = 151. Here we have L(151) = 1888, m = 7, r = 43, 19]  = 82, 
and the additional 1806 quadruples are the 129 of each of the following 
14 forms: 
(i + 2, k) (i, k q- 1) (i, k + 2) (i, k + 4) 
(i -[- 2, k) (i, k q- 3) (i, k Jr 7) (i, k + 12) 
(i + 2, k) (i, k q- 5) (i, k @ 11) (i, k @ 23) 
(i + 2, k) (i, k q- 6) (i, k q- 13) (i, k q- 27) 
(i -t- 2, k) (i, k q- 8) (i, k q- 16) (i, k + 31) 
(i + 2, k) (i, k + 32) (i, k -t- 42) (i, k q- 15) 
(i + 2, k) (i, k -~ 17) (i, k q- 28) (i, k + 41) 
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[i, 1] (i, k) (i 4- 1, k 4- 9) (i 4- 2, k 4- 19) 
[i, 2] (i, k) (i 4- 1, k + 14) (i 4- 2, k 4- 5) 
[i, 3] (i, k) (i 4- 1, k 4- 18) (i 4- 2, k 4- 8) 
[i, 4] (i, k) (i 4- l, k 4- 19) (i 4- 2, k 4- 6) 
[i, 5] (i, k) (i 4- 1, k + 20) (i + 2, k 4- 3) 
[i, 6] (i, k) (i 4- 1, k + 21) (i 4- 2, k 4- 7) 
[i, 7] (i, k) (i 4- 1, k 4- 22) (i 4- 2, k 4- 4) 
n= 163. Here we haveL(163) =2201,  m= 11, r=43,1~1= 137, 
and the additional 2064 are the 129 quadruples of each of the following 
16 forms: 
(i, k) (i, k + 1) (i, k 4- 3) (i, k 4- 7) 
(i, k) (i, k 4- 5) (i, k 4- 15) (i, k 4- 26) 
(i + 2, k) (i, k 4- 1) (i, k 4- 9) (i, k 4- 25) 
(i 4- 2, k) (i, k 4- 4) (i, k + 13) (i, k 4- 27) 
(i + 2, k) (i, k + 33) (i, k 4- 2) (i, k 4- 15) 
[i, 1] (i, k) (i 4- 1, k 4- 3) (i 4- 2, k 4- 8) 
[i, 2] (i, k) (i @ 1, k 4- 6) (i + 2, k 4- 13) 
[i, 3] (i, k) (i 4- 1, k + 8) (i 4- 2, k 4- 19) 
[i, 4] (i, k) (i 4- 1, k 4- 10) (i 4- 2, k 4- 22) 
[i, 5] (i, k) (i 4- 1, k 4- 14) (i 4- 2, k 4- 3) 
[i, 6] (i, k) (i 4- 1, k 4- 16) (i 4- 2, k 4- 7) 
[i, 7] (i, k) (i 4- 1, k 4- 17) (i 4- 2, k + 5) 
[i, 8] (i, k) (i + 1, k + 18) (i + 2, k + 1) 
[i, 9] (i, k) (i 4- 1, k + 19) (i 4- 2, k ÷ 4) 
[i, 10] (i, k) (i + 1, k 4- 20) (i 4- 2, k 4- 6) 
[i, 11] (i, k) (i + 1, k + 22) (i 4- 2, k 4- 2) 
n = 199. Here we haveL(199) = 3284, m = l l ,  r = 55,1~J  = 149, 
and the additional 3135 quadruples are the 165 quadruples of each of the 
following 19 forms: 
(i, k) (i, k 4- 1) (i, k 4- 3) (i, k -t- 7) 
(i 4- 2, k) (i, k 4- 1) (i, k 4- 6) (i, k + 14) 
(i 4- 2, k) (i, k 4- 2) (i, k 4- 11) (i, k 4- 29) 
(i -{- 2, k) (i, k 4- 3) (i, k 4- 13) (i, k 4- 32) 
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(i q- 2, k) (i, k + 4) (i, k -]- 15) (i, k -{- 35) 
(i q- 2, k) (i, k -t- 5) (i, k q- 17) (i, k ~- 38) 
(i -t- 2, k) (i. k ÷ 7) (i, k + 21) (i, k + 37) 
(i q- 2, k) (i, k + 16) (i, k q- 31) (i, k -[- 48) 
[i, 1] (i, k) 
[i, 2] (i, k) 
[i, 31 q, k) 
[i, 4] (i, k) 
[i, 5] q, k) 
[i, 6] (i, k) 
[i, 7] (i, k) 
[i, 8] q, k) 
[i, 9] (i, k) 
[i, lO] (i, k) 
[i, 11] (i, k) 
(i q- 1, k + 8) (i q- 2, k 2-t 27) 
(i + 1, k q- 9) (i q- 2, k -t- 19) 
( i+  1, k+ 12) ( i+2 ,  k+ 1) 
( i+  1, k+ 18) ( i+  2, k+4)  
(i -+- 1, k + 20) (i + 2, k + 8) 
(i + 1, k + 22) (i + 2, k q- 6) 
( i+  1, kq-23)  ( i+2 ,  k+lO)  
(i-I- 1, k + 24) (i+2, k+9)  
(i q- 1, k -t- 25) (i q- 2, k + 3) 
( i+  1, k+26)  ( i+2 ,  k+5)  
(i -]- 1, k + 27) (i + 2, k + 2) 
n =259. We have 
and the additional 5226 
following 26 forms: 
L(259)= 5569, m= 19, r=67,  I~[  =343,  
quadruples are the 201 quadruples of each of the 
(i, k) (i, k + 1) (i, k + 3) (i, k q- 7) 
(i, k) (i, k + 5) (i, k q- 13) (i, k + 23) 
(i, k) (i, k + 9) (i, k q- 30) (i, k q- 41) 
(i, k) (i, k + 15) (i, k + 31) (i, k q- 48) 
(i + 2, k) (i, k -t- 1) (i, k + 13) (i, k + 40) 
(i + 2, k) (i, k + 3) (i, k + 17) (i, k + 41) 
(i + 2, k) (i, k + 8) (i, k -]- 28) (i, k + 50) 
[i, 1] (i, k) 
[i, 2] (i, k) 
[i, 3] (i, k) 
[i, 4] (i, k) 
[i, 5] (i, k) 
[i, 6] (i, k) 
[i, 7] (i, k) 
[~, 81 q, k) 
( i+  1, k+2)  ( i+2 ,  k+ 6) 
(i q- 1, k -[- 5) (i + 2, k -t- 11) 
( i+ l ,k+7)  ( i+2 ,  k+ 16) 
( i+  1, k+ 10) (i+2, k+21) 
(i + 1, k @ 12) (i -[- 2, k + 28) 
( i+  1, k+ 14) ( i+  2, k + 29) 
(i q- 1, k -1- 18) (i q- 2, k q- 37) 
(i + 1, k + 20) (i + 2, k + 41) 
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[i, 9] (i, k) (i + 1, k + 22) (i + 2, k + 2) 
[i, 10] (i, k) (i + 1, k -j- 23) (i + 2, k + 1) 
[i, 11] (i, k) (i + 1, k + 24) (i + 2, k + 5) 
[i, 12] (i, k) (i + 1, k + 25) (i + 2, k + 12) 
[i, 13] (i, k) (i + 1, k + 27) (i + 2, k + 9) 
[i, 14] (i, k) (i + 1, k + 29) (i + 2, k + 14) 
[i, 15] (i, ~) q + 1,/c + 31) q + 2, lc + 8) 
[i, 16] (i, k) (i + 1, k + 32) (i + 2, k + 7) 
[i, 17] (i, k) (i + 1, k 4- 33) (i 4- 2, k 4- 3) 
[i, 18] (i, k) (i 4- 1, k + 34) (i 4- 2, k 4- 10) 
[i, 19] (i, k) (i q- 1, k q- 35) (i + 2, k 4- 4) 
THEOREM 2. I f  n ~ 7 (mod 12) and n > 19, then 
C(n, 4, 2) = L(n) = (n 2 -- n + 6)/12. 
Proof. We must show that A(n) = 0 for these values of n. Since we 
have already shown that A(31)= A(43)= A(55)= 0 we can apply 
Lemma 2 with m = 31 to conclude that A(n) = 0 i fn  ~ 31 or 43 (rood 48) 
and n > 155, with m = 43 to conclude that A(n) = 0 if n ~ 7 (rood 48) 
and n > 215, and with m = 55 to conclude that A(n) = 0 if n ~ 19 
(rood 48) and n > 275. Since we have already shown that A(n) = 0 for 
n --- 31, 43, 55, 79, 91, 115, 127, 151,163, 199, and 259, this eliminates all 
values o fn  satisfying n ~-7  (rood 12)and n > 19 except n = 67, 103, 139, 
and 211. These four values of n all satisfy n ~ 31 (rood 36). By Theorem 1 
we have A(m)= 0 if m ~ 10 (rood 12), m > 10. Hence we can apply 
Lemma 4, the lemma that uses the K i rkman school girls, to conclude that 
A(n) = 0 if  n ~ 31 (rood 36) and n > 31. This eliminates the last four 
cases, and the proo f  is complete. 
The cases n = 7 and 19 will be discussed in Section 7. 
6. THE CASES n ~ 8, 11 (mod 12) 
LEMMA 5. I f  n ~ 8 or 11 (rood 12), then A(n) ~ A(n -- I). 
Proof. We have n ~ 2 (rood 3) and n(n + 1) ~ 0 (mod 12) so that 
[(n - -  1)/3] = (n + 1)/3 and 
L(n) ~- [n(n + 1)/12] = n(n + 1)/12. 
Let ~ be a set of  C(n - -  1, 4, 2) quadruples that covers all pairs of  In-1 • 
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Now C(n --  1, 4, 2) ~> L(n -- 1), and by (6) we have 
L(n --  1) = {(n --  1)(n --  2) + 6}/12 > (n -- 1)(n --  2)/12 
so that there is at least one pair that occurs more than once in the 
quadruples belonging to c£. Thus we may suppose T is chosen so that the 
quadruple 1, 2, 3, 4 belongs to ~f and 1, 2 occurs in at least one other 
quadruple in cg. We delete the quadruple 1, 2, 3, 4 from ~¢ and adjoin the 
(n + 1)/3 quadruples 
1 3 4 n 
3 i - -  1 3i 3 i+  1 n (1 ~<i~(n- -2 ) /3 ) .  
This gives us a set of C(n --  1, 4, 2) + (n --  2)/3 quadruples that covers all 
pairs of/,~. Hence 
C(n, 4, 2) ~ C(n -- 1, 4, 2) + (n -- 2)/3. 
Therefore 
A(n) <~ A(n -- 1) + L(n -- 1) + (n -- 2)/3 --  L(n) 
= A(n --  1) + (n ~ -- 3n + 8)/12 + (n --  2)/3 -- n(n + 1)/12 
= A(n --  1), 
and the proof  is complete. 
THEOREM 3. I f  n =- 8 or 11 (rood 12), then 
C(n, 4, 2) = L(n) = n(n -f- 1)/12. 
Proof. I f  n > 20, then Theorems 1 and 2 and Lemma 5 yield 
A(n) <~ A(n - -  1) =0 
so that A(n) = 0 and our result holds. 
There remain the cases n = 8, 11, and 20. 
n = 8. We have L(8) = 6. The 6 quadruples 
1234 3456 
1256 3478 
1278 5678 
cover all pairs of I s . Hence C(8, 4, 2) = L(8). 
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n = 11. We have L(1 i) = 11. The 11 quadruples 
i i+ l  i+4  i - f -6 (i ff Zll ) 
cover all pairs of Zll • Hence C(11, 4, 2) = L(11). 
n = 20. We have L(20) = 35. Let the set S of order 20 consist of the 
ordered pairs (i,j) with i , j~ GF(5), iva 0. A set of 35 quadruples that 
covers all pairs of S consists of the 25 quadruples 
(1,j) (2,j  q- k) (3,j  + 2k) (4,j + 3k) 
with j, k ~ GF(5); the 8 quadruples of the form 
(i,j) (i, 2) (i, 3) (i, 4) 
with j = 0 or 1; and the 2 quadruples 
(i, 0) (i, 1) (i + 1, 0) (i -}- 1, 1) 
with i = 1 or 3. Therefore C(25, 4, 2) = L(25), and the proof is complete. 
Combining Theorems 1, 2, and 3 with the known results (2), (4), and (5) 
we obtain our main result: 
THEOREM 4. I fn  va 7, 9, 10, 19, then 
F n Fn~l l l  
4, = 
7. THE EXCEPTIONAL CASES 
It is already known [6] that Theorem 4 does not hold for n = 9. In this 
section we will discuss the remaining three cases, n = 7, 10, and 19. 
THEOREM 5. / f  n --= 7 or 10 (mod 12) and if cg is a collection of L(n) 
quadruples that covers all pairs of a set S of order n, then there is one pair 
that occurs four times in these quadruples, while all other pairs occur exactly 
once. 
Proof. For any element s ~ S let Q(s) be the number of quadruples in 
q~ that contain s. Since there are exactly n -- 1 pairs of S that contain s 
and since a given quadruple contains at most three of them, we have 
Q(s) >1 (n - 1)/3. Clearly Q(s) > (n - 1)/3 if and only if there is a pair 
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containing s that occurs more than once in the quadruples in r£. Now 
Q(s) = 4L(n) ---- 2 + n(n - -  1)/3 (8) 
s~S 
by (6). Hence there is at least one pair that occurs more than once. Let 
x, y be such a pair. Then we have 
Q(x) >~ 1 + (n - 1)/3, Q(y)  >/1 + (n - 1)/3, 
and Q(s) >/ (n  - 1)/3 for s ~ S, s =/= x, y. Since (8) holds, we must have 
Q(x) = Q(y)  = 1 + (n -  1)/3 
and Q(s) = (n - 1)/3 for s e S, s :A x, y. Therefore, x, y is the only pair 
that can occur more than once, and it must occur four times. This com- 
pletes the proof. 
Theorem 5 was of great help in finding the proofs of Theorems 1 and 2, 
although it was not actually used in these proofs. 
Let n ~ 7 or 10 (mod 12) and suppose that A(n) = 0. Then there is a 
set ~¢ of L(n) quadruples that covers all pairs of In .  By Theorem 5 there is 
only one pair that occurs more than once in these quadruples, and it 
occurs four times. We may suppose that c~ is chosen so that this pair is 
1, 2 and so that the four pairs that contain 1, 2 are 
1 2 3 4 1 2 7 8 
(9) 
1 2 5 6 1 2 9 10 
In particular n >~ 10. Therefore 
,4(7) > O. (10) 
Now we suppose that n = 10. We have L(10) = 8. In addition to the 
4 quadruples (9), there are 4 more quadruples in ~. Two of these must 
contain 3 and without loss of generality let them be 
3 5 7 9 and 3 6 8 10. 
There must be a quadruple Q in ~ containing the pair 5, 8. Since no pair, 
other than 1, 2, can occur more than once, Q cannot contain 1, 2, 3, 6, 7, 9, 
or 10. Since Q contains four elements, this is impossible. Therefore 
,4(10) > O. (11) 
Next suppose n -= 19. We have L(19) = 29. In addition to the qua- 
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druples (9) there must be three more in S containing 1. Without loss of 
generality suppose that these are 
1 11 12 13 
1 14 15 16 (12) 
1 17 18 19 
There are three more containing 2 and each of these must contain one 
dement from each of the quadruples (12). Without loss of generality we 
can suppose that these quadruples containing 2 are 
2 11 14 17 
2 12 15 18 (13) 
2 13 16 19 
In addition to the 10 quadruples (9), (12), (13), there are 19 more 
quadruples in 5. Let 5 '  be this set of 19 quadruples. Let 
V= {sI3 ~s  <~ 10} 
and 
W={s[ l l  ~<s ~ 19). 
We will say that a quadruple is of type i if it belongs to c~, and contains 
exactly i elements of V. Let q~ denote the number of quadruples of type i. 
We have 
qo q- ql q- q2 + q3 + q4 = 19. (14) 
The set Vcontains exactly 28 pairs, of which 4 are covered by (9), (12), and 
(13) so that exactly 24 of them are covered by the quadruples in c~,. Hence 
q2 + 3q3 + 6q~ = 24. (15) 
Similarly there are 36 quadruples in W, of which 18 are covered by (9), (12), 
and (13), so that 
6q0 + 3ql q- q2 = 18. (16) 
From (15) or (16) we obtain 3 ] q2 • Multiplying (14) by 3 and subtracting 
(15) and (16) we get 
15 = --3qo -1- q~ -- 3q4 ~< q2. (17) 
Since qz ~< 19 by (14), we have 
q2 = 15 or 18. 
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There are 9 pairs of the form 3, w with w s W, none of which are covered 
by (9), (12), or (13). Hence 3 must be contained in at least one quadruple 
in c~, that contains an odd number of elements of W. Hence ql ÷ q~ > 0. 
I f  q2 = 18, then q0 = ql = 0 by (16), so that qa = 0, q~ = 1 by (14) 
and (15). Since ql ÷ q3 > 0, we have q2 @- 18. 
Since q2 = 15 or 18, we have q2 = 15, (17) yields q0 = q~ = 0, and we 
get qa = 3, ql = 1 from (15) and (16). 
Let Qi(s) denote the number of quadruples of type i that contain s. Then 
Qo(s) = Q4(s) = 0 for all s. For any fixed w in W there are 8 pairs of  the 
form v, w with v in V. None of these 8 pairs is covered by (9), (12), or (13), 
so that 
Ql(W) -4r 2Qz(w) + 3Q3(w) = 8. (18) 
Since there are a total of  6 quadruples in ~ containing a fixed w in W, and 
since exactly 2 of  them are contained in (9), (12), and (13), we have 
Q~(w) 4- Q2(w) -t- Q3(w) = 4. (19) 
Multiplying (19) by 2 and subtracting from (18) we see that 
Ql(W) = Qz(w), w-~ w. 
Let v 0 be the single element of V that is contained in the lone quadruple 
of  type 1. Thus Ql(vo) = 1. Since v0 is contained in exactly one of the 
quadruples (9), (12), (13), and since Vo is contained in a total of  6 qua- 
druples in c~, we have 
Q2(vo) -1- a3(vo) = 4. 
Since there are 9 pairs of the form vo, w with w in W, and since 3 of them 
are contained in the quadruple of  type 1 and none in (9), (12), or (13), we 
have 
2Q2(vo) + Qa(vo) = 6. 
Solving the last two equations we get 
Q2(vo) = Q~(vo) = 2. 
In particular Qa(vo) > 0 so there is a pair v0, w0 with Wo ~ W contained in 
a quadruple of  type 3. We have 
Ql(wo) = Q~(wo) > o. 
It follows that Wo is contained in the quadruple of  type 1. Hence Vo, w o is 
contained in more than one quadruple in T',  contradicting Theorem 5. 
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Therefore we have 
A(19) > 0. 
We have shown that A (n) > 0 for n = 7, 10, and 19. 
n = 7. We have C(7, 4, 2) > L(7) = 4. The 5 quadruples 
1 234  1 23  6 
1 2 3 5 1 2 3 7 
4 5 6 7 
cover all pairs of 1~. Hence 
and A(7)= 1. 
n= 10. 
(7(7,4,2) ----- 5 
We have C(10, 4, 2) > L(10) = 8. The 9 quadruples 
1 2 3 4 3 4 5 6 
1 2 5 6 3 4 7 9 
1 2 7 8 3 4 8 10 
1 2 9 10 5 6 7 10 
5 6 8 9 
cover all pairs of/10 so that 
C(10, 4, 2) = 9 
and d(10) = 1. 
n = 19. Here we know that 
C(19, 4, 2) ~ L(19) + 1 = 30. 
165 
(20) 
1 2 3 4 3 8 14 18 
1 5 6 7 3 10 11 19 
1 8 9 10 4 5 12 14 
1 11 12 13 4 6 18 19 
1 14 15 17 4 8 15 16 
the single exception 17, 18: 
However, a series of runs on the CDC 6600 showed that the pairs of 119 
could not be covered by 30 quadruples. However, one of these runs 
turned up the following set of 30 quadruples that cover all pairs of 119 with 
166 
1 16 18 19 
2 5 8 11 
3 6 9 12 
4 7 10 13 
2 6 10 14 
2 7 9 15 
2 12 16 17 
2 13 18 19 
3 5 13 15 
3 7 16 17 
It fol lowsthat 
and A(19) = 2. 
We have shown that 
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4 9 11 17 
5 9 18 19 
5 10 16 17 
6 8 13 17 
6 11 15 16 
7 8 12 19 
7 11 14 18 
9 13 14 16 
10 12 15 18 
14 15 17 19 
C(19, 4, 2) = 31 
A(7) = A(9) = A(10) = 1, 
A(19) = 2, and A(n) = 0 for all other values of n. 
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